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ABSTRACT

Atmospheric circulation statistics are not strictly Gaussian. Small bumps and other deviations from
Gaussian probability distributions are often interpreted as implying the existence of distinct and persistent
nonlinear circulation regimes associated with higher-than-average levels of predictability. In this paper it is
shown that such deviations from Gaussianity can, however, also result from linear stochastically perturbed
dynamics with multiplicative noise statistics. Such systems can be associated with much lower levels of
predictability. Multiplicative noise is often identified with state-dependent variations of stochastic feedbacks
from unresolved system components, and may be treated as stochastic perturbations of system parameters.
It is shown that including such perturbations in the damping of large-scale linear Rossby waves can lead to
deviations from Gaussianity very similar to those observed in the joint probability distribution of the first
two principal components (PCs) of weekly averaged 750-hPa streamfunction data for the past 52 winters.
A closer examination of the Fokker—Planck probability budget in the plane spanned by these two PCs shows
that the observed deviations from Gaussianity can be modeled with multiplicative noise, and are unlikely
the results of slow nonlinear interactions of the two PCs. It is concluded that the observed non-Gaussian
probability distributions do not necessarily imply the existence of persistent nonlinear circulation regimes,

and are consistent with those expected for a linear system perturbed by multiplicative noise.

1. Introduction

Atmospheric predictability is limited by the chaotic
nature of weather. There are many different ways of
defining predictability; for example, we may consider
the doubling time of initial uncertainty. In forecasting,
it is of considerable interest to find those initial atmo-
spheric states for which this error doubling time is par-
ticularly long.

Attention has thus been paid to finding persistent
or quasi-stationary atmospheric flow regimes, often
loosely defined as large-scale atmospheric flow configu-
rations that persist longer than individual weather sys-
tems (e.g., Pandolfo 1993). More specifically, regimes
are identified with “preferred” regions of the atmo-
spheric state space. The hope is that such regions con-
tain initial atmospheric states from which better long-
term forecasts are possible.

The idea of weather regimes, in terms of midlatitude
cyclone tracks over Europe, was first proposed by van
Bebber (1891). The more modern phenomenological
notion of midlatitude atmospheric flow regimes, or
Grofiwetterlagen, was introduced by Baur et al. (1944)
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and Baur (1947) for use in statistical long-range
weather forecasting. Dynamical theories of multiple
equilibria (blocked and zonal regimes) due to wave—
mean flow interactions, first proposed by Charney and
DeVore (1979), Wiin-Nielsen (1979), and Hart (1979),
spurred a renewed effort to explore the existence of
regimes in observed midlatitude flows (e.g., Sutera
1986; Hansen and Sutera 1986; Mo and Ghil 1988; Mol-
teni et al. 1990; Kimoto and Ghil 1993a,b; Cheng and
Wallace 1993; Corti et al. 1999; Smyth et al. 1999;
Monahan et al. 2001; and many others). However, these
observational studies generally did not find regime be-
havior as pronounced as in the theoretical and simple
model studies. In fact, for monthly time scales, the ob-
servational evidence for regimes remains so weak that
the null hypothesis of multinormal behavior cannot be
rejected at the 5% confidence level (Stephenson et al.
2004).

The term “regime” can be nonspecific in common
usage. It is often used merely to refer to a rapid tran-
sition to a quasi-stationary state. With this meaning,
even some stable linear systems can exhibit “regime
transitions” as a result of rapid singular-vector growth.
Indeed, observed atmospheric regime transitions of this
type can be well simulated by relatively low-dimen-
sional linear models (Cash and Lee 2001; Winkler et al.
2001). To the extent that they are also good forecast
models of weekly averages (Newman et al. 2003), such
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models imply an important constraint on the nature of
nonlinearity in the atmosphere. We will return to this
point later.

A stable linear system driven by Gaussian forcing
will result in Gaussian statistics. Therefore, a necessary
condition for regime behavior resulting from nonlinear
dynamics is non-Gaussianity of the probability distri-
bution function (PDF) representing all possible atmo-
spheric states. As in the studies cited above, we will
focus on this condition in this paper. Ideally, one would
like to find significant multiple peaks in the full PDF.
However, because of the limited data record, observa-
tional studies of climate regimes typically examine the
bivariate PDF of the amplitudes of the two leading em-
pirical orthogonal functions (EOFs) of an appropriate
atmospheric variable (e.g., Mo and Ghil 1988; Molteni
et al. 1990; Kimoto and Ghil 1993a,b; Corti et al. 1999;
Smyth et al. 1999; Weisheimer et al. 2001). It is impor-
tant to note again that such PDFs do not show any
statistically significant multimodality. Rather, they
show “inhomogeneities” (statistically significant devia-
tions from bivariate Gaussianity) that are often inter-
preted as indicative of multiple Gaussian regimes
(Smyth et al. 1999).

Models of regime behavior can be thought of as mod-
els of low-frequency atmospheric variability. They may
be expressed as

dx
i Lx + N, (x, x) + Ny(x, x") + N3(x’, x’) + F,

ey

where x represents the resolved (e.g., slow) portion of
the atmospheric anomaly vector, and x’ the unresolved
(e.g., fast) portion. Here, Lx denotes linear dynamics,
and N;, N,, N; nonlinear interactions between slow—
slow, slow—fast, and fast—fast components, respectively;
F represents external forcing. A common explanation
for extratropical climate regimes is that they result from
nonlinearities in the slow manifold of the equations
governing atmospheric dynamics, that is, in Ny (e.g.,
Legras and Ghil 1985; Yoden 1985a,b; Ghil and Chil-
dress 1987; DeSwart 1988; Itoh and Kimoto 1996, 1997,
1999; Ghil and Robertson 2002; and many others). It is
this slow process that gives hope for long-range predict-
ability. Of course, slowly evolving external non-
Gaussian forcing in F, such as that produced by anoma-
lous tropical convection due to the Madden—Julian os-
cillation (MJO) and El Nino-Southern Oscillation
(ENSO), could also produce a non-Gaussian response
in the extratropics even if the extratropical dynamics
were linear.

Regimes that result from either or both of these
mechanisms might indeed be more predictable than
other atmospheric states. There is, however, a third
possibility: regimes could result not from slow pro-
cesses but rather from the fast (i.e., rapidly decorrelat-
ing) nonlinearities of the dynamical system contained in
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N, and N;. Furthermore, given the very high number of
degrees of freedom in the atmosphere and the conse-
quent plethora of nonlinear subsystems, it is highly
likely that there exists chaos sufficiently disordered as
to make the application of the Central Limit Theorem
(e.g., Khasminskii 1966; Papanicolaou and Kohler 1974;
Sardeshmukh et al. 2001; Majda et al. 1999, 2003) valid
at medium-range time scales as short as a week. In this
case, the fast nonlinearities may be approximated as
state-dependent, or multiplicative, stochastic noise that
is inherently unpredictable [for state-independent, or
additive, noise this approximation was first noted in a
climate context by Hasselmann (1976)].

That apparently similar regimes can result from ei-
ther slow or fast nonlinearities is illustrated in Fig. 1 (a
more quantitative discussion is given in section 3). Con-
sider a double potential well as a simple model of two
regimes resulting from nonlinearities of the slow mani-
fold. System transitions from one potential well to the
other by additive noise kicks will result in a bimodal
PDF. This is not, however, the only dynamical system
that can produce such a PDF. Consider instead a linear
system, represented by a unimodal deterministic poten-
tial, in which the state trajectories are perturbed by
multiplicative noise. If the noise is relatively stronger in
the center of the potential well than at the edges, then
this system will also have a bimodal PDF. Thus the
same bimodal PDF can result from either a slow (de-
terministic) nonlinear dynamical system or a fast (sto-
chastic) nonlinear dynamical system. As we will see,
however, the predictability of these two systems is very
different.

In this paper we use both simple models and obser-
vational analysis to develop the hypothesis that atmo-
spheric non-Gaussian regimes may be due to multipli-
cative noise. First, in section 2, some principal results of
stochastic dynamics are briefly reviewed. Then, in sec-
tion 3, we discuss some simple examples that demon-
strate how a given PDF can imply very different pre-
dictability depending upon whether the PDF results
from slow deterministic nonlinear evolution or fast sto-
chastic evolution. In section 4, stochastic perturbations
of the linear damping coefficient and the ambient zonal
mean flow are considered in a linear model of Rossby
wave evolution to assess the impact of multiplicative
noise in a simple, but meteorologically relevant, setting.
By explicitly solving the Fokker-Planck equation and
the stochastic differential equation, we show that mul-
tiplicative noise in the frictional damping leads to in-
termittency and consequently a highly non-Gaussian
distribution. These results provide one possible expla-
nation for the non-Gaussian PDF found in the obser-
vational analysis presented in section 5, where it is
shown that the regime behavior in the leading EOFs of
750-hPa Northern Hemisphere streamfunction is con-
sistent with that resulting from multiplicative noise. Fi-
nally, section 6 provides a summary and a discussion.
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FiG. 1. A schematic drawing to illustrate the fundamental dynamical difference between
deterministically and stochastically induced regimes. The effective PDF of a trajectory in a
deterministic double-well potential driven by additive noise will be bimodal. The same effec-
tive PDF can be produced by a trajectory in a unimodal deterministic potential kicked around
by multiplicative noise. Because of the larger noise amplitudes near the center of the mono-
modal potential, as compared to the strength of the noise right and left of it, the system’s
trajectory is more often found on either side of the central noise maximum. Thus, the PDF
becomes bimodal. See appendix A for a mathematical formulation of this behavior.

2. Stochastic dynamics in a nutshell dx

e oo et - | = = A + B, @
is section reviews a few basic ideas of stochastic

dynamics used in this paper. More comprehensive

treatments may be found in many textbooks (e.g., Gar- where the vector A represents all slow processes and

diner 1985; Horsthemke and Léféever 1984; Paul and B(x)mn, with the matrix B and the noise vector ), rep-

Baschnagel 1999). resents the stochastic approximation to the fast nonlin-
Consider the dynamics of an n-dimensional system ear processes. The stochastic components m; are as-

whose state vector x is governed by the stochastic dif- sumed to be independent Gaussian white noise pro-

ferential equation (SDE) cesses:
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i) =0, (nm(t")) =d(t — 1), 3)

where (. . .) denotes the averaging operator. The corre-
sponding Fokker—Planck equation,

Ip(X, 1) d 9
=, —|A+ —B, |B,
o E o [Al « ,Ek ( s B,k>B]k]p(x, D)

1 92
— T
*3 2 G, B8 Pl )

describes the conservation of the probability density
p(x, 1) of the system described by the SDE (2). Two
different values of « yield two physically important sto-
chastic calculi: the 1td (e = 0) and the Stratonovich
calculus (a = 1/2). On the right-hand side, the first term
within square brackets describes the dynamics of the
deterministic system and is called the deterministic
drift. The second term within square brackets, which
does not occur in Itd systems (a« = 0), is called the
noise-induced drift. The remaining term is associated
with the diffusion of the probability density by noise.

For a detailed discussion of stochastic integration and
the differences between It6 and Stratonovich SDEs, see
Horsthemke and Léfever (1984), Gardiner (1985), or
Penland (1996). The key point here is that the Stra-
tonovich calculus is relevant for continuous physical
systems, such as the atmosphere, in which rapidly fluc-
tuating quantities with small but finite correlation times
are approximated as white noise. Thus, simplified sto-
chastic models constructed from atmospheric dynami-
cal equations may assume Stratonovich calculus. How-
ever, if a stochastic model is indirectly estimated from
observed discrete data, then the inferred drift will be
the sum of the deterministic and the noise-induced
drifts. In this case, using the It0 framework may be
preferable, where now A(x) represents not just the de-
terministic drift but rather this sum, or the “effective
drift.”

Equations for moments of x can be obtained by mul-
tiplying the Fokker—Planck Eq. (4) by powers of x and
integrating over all x. In particular, second moments of
x are given by

d{xx") 3
.

(AX)X") + (xAT(x)) + (Bx)B'(x)). (5)

This equation is known as the fluctuation—dissipation
relation (FDR) of the system (see e.g., Penland and
Matrosova 1994).

In principle, the deterministic and stochastic parts of
(4) can be determined from data by using their statis-
tical definitions (Siegert et al. 1998; Friedrich et al.
2000; Gradisek et al. 2000; Sura and Barsugli 2002; Sura
2003; Sura and Gille 2003):

1
A®) = Jim X0+ A) ~ Xlxpx 6)
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BB'(x) = lim Ait (X(t + At) — x]

[X(t + A = X]) Ixo—xs )

where X(z + Ar) is a solution (a single stochastic real-
ization) of the SDE (2) with the initial condition X(¢) =
x at time t. The data define a state space representing
every observed value of x. The effective drift and sto-
chastic diffusion are estimated by replacing the theo-
retical limit Az — 0 with a finite-difference approxima-
tion. In practice, estimating B(x)B™(x) from discretely
sampled data is prone to error, because Taylor expan-
sions of stochastic terms are proportional to \/Af and
not proportional to At as are the deterministic terms
(e.g., Sura and Barsugli 2002; Sura 2003). Note that
B(x)B"(x) rather than B(x) is estimated from data. In
general, it is impossible to find a unique expression for
B(x) in the multivariate case (e.g., Monahan 2004).

When A and B are known, analytical solutions of the
Fokker-Planck Eq. (4) for p(x, f) can only be found in
limited cases (appendix B presents one such case). For
more general cases, numerical methods must be used.
To interpret the results of the Fokker—Planck equation,
numerical integrations of the SDE (2) can also be per-
formed.

3. Two paradigms for atmospheric regimes

Obviously, a given non-Gaussian PDF can represent
many different dynamical systems. However, it is illus-
trative to consider two extreme models: a deterministic
model, in which regimes are entirely due to a nonlinear
deterministic A (perturbed only by state-independent
noise), and a stochastic model, in which regimes are
entirely due to a multiplicative noise term B (with only
a linear A). That two such models can produce the
same PDF was highlighted in Fig. 1. The mathematical
details of the two models are given in appendix A.

First, we quantify the simple example presented in
Fig. 1 by applying these models to the bimodal PDF
p(x) = (1N87)fexp[—(x + 1.5)%/2] + exp[—(x — 1.5)%
2]} (see Fig. 2a). Because observed PDFs rarely show
any clear multimodality, we also consider the “skewed”
PDF given in Fig. 3a, whose departure from Gaussian-
ity is relatively small but is consistent with that ob-
served for weekly averaged circulation anomalies (see
section 5). It has a heavier tail than a Gaussian for
values x < —2 (regime 1), is smaller than a Gaussian for
—2 < x < —0.3, and is again heavier than a Gaussian
for —0.3 < x < 0.5 (regime 2). For larger x the PDF is
strictly Gaussian.

Given the PDF and B? = 1, we can solve for A(x)
[Eq. (A3); see appendix A]; results for the bimodal
PDF are in Fig. 2b and for the skewed PDF in Fig. 3b.
In this case the non-Gaussianity is due to the nonlin-
earity of the deterministic term A(x). Alternatively,
given the PDF and A(x) = —ex, we can solve for B(x)
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FIG. 2. (a) Graph of the bimodal PDF p(x) = (1/\/8m){exp[—(x + 1.5)%2] + exp[—(x —
1.5)%/2]}. (b) Solution of (A3), given the bimodal PDF and additive noise B> = 1. (c) Solution
of (A4), given the bimodal PDF and a linear deterministic term A(x) = —x.

[Eq. (A4)]; results for the bimodal PDF for ¢ = 1 are in
Fig. 2c and for the skewed PDF in Fig. 3c. Now the
non-Gaussianity is due to the structure of the multipli-
cative noise term B(x). Note (see Fig. 3c) that B(x) for
the skewed PDF is approximately piecewise linear, and

that, as opposed to the stochastic model for the bimodal
PDF, the noise amplitude increases for decreasing
negative x.

Although the stationary PDFs of the deterministic
and stochastic regimes are identical, the conditional
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Fi1G. 3. (a) Graph of the non-Gaussian PDF (solid line); the corresponding Gaussian PDF
is indicated by the dashed line. (b) Solution of (A3), given the PDF and additive noise B> =
1. (c) Solution of (A4), given the PDF and a linear deterministic term A(x) = —x.
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FIG. 4. Statistics of the bimodal case (see Fig. 2). (a) The mean residence time for the deterministic (solid upper line) and the
stochastic model (dashed lower line) in the interval [1, 2]; (b) p.. as a function of lead time for the deterministic (solid upper line) and
the stochastic model (dashed lower line) for the initial condition x, = 1.5; and (c) p.. as a function of initial condition for the
deterministic (solid upper line) and the stochastic model (dashed lower line) for the lead time 7 = 2.

PDFs (the probability of an event given that another
event has occurred) and related mean residence times
are not. Here, we define residence time as the time it
takes a stochastic trajectory initially at x in the interval
[x;, x,] to first leave that interval (see appendix A for
more details). For example, the mean residence time
in the right peak of the bimodal PDF (interval [1, 2]),
shown in Fig. 4a, is considerably longer for the deter-
ministic model than for the stochastic model. A similar
difference between the two models exists in the interval
[—3.5, —2.5] for the weakly skewed PDF (Fig. 5a), but
is much less for the interval [—0.25, 0.75] (Fig. 5b).

Not surprisingly, the predictability in these two sys-
tems is also very different. Here, we define predictabil-
ity by the expected skill of a perfect model infinite-
member forecast ensemble, measured as an anomaly
correlation:

S(7)

oT) = ———,
NS 1

()

where S(7) = s(7)/o(7) is the signal-to-noise ratio and 7
is the forecast lead (for example, Sardeshmukh et al.
2000; Newman et al. 2003). Here, the signal s(7) is the
ensemble mean, and the noise o(7) is the ensemble
standard deviation, and p..(7) is the expected skill of a
perfect model in which the signal is determined as the
mean of an infinite-member ensemble [see Sardesh-
mukh et al. (2000) or Newman et al. (2003) for a more
detailed discussion]. For the bimodal PDF, p..(7) for the
initial condition x, = 1.5 for the deterministic and the
stochastic models is shown in Fig. 4b; p..(t = 2) as a
function of initial condition is shown in Fig. 4c. As im-
plied by the mean residence times, predictability is
much less for the bimodality due to unpredictable mul-
tiplicative noise than that due to deterministic nonlin-
ear dynamics. For the skewed PDF, p..(7) for the initial
conditions x, = —3, and x, = 0.25 are shown in Figs.
Sc,d; p..(T = 2) as a function of initial condition is shown
in Fig. 5e. Note in Fig. 5d that p.(7) for the deter-
ministic and stochastic models, for the initial condition










































